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Abstract

The concept of traditional data envelopment analysis (DEA) model has been
used for measuring relative efficiencies of a set of homogenous decision making units
(DMUs) by comparing a target DMU with other DMUs that utilize the same multiple
inputs to produce the same multiple outputs based on linear programming (LP)
techniques. Unlike the traditional DEA model, the concept of supply chain management
requires the performance of overall supply chain rather than the performance of each
individual member. This paper applies the methodology of DEA model for evaluating
supply chain performance (DEA-SC) and achieving the best practice. However, since
the traditional DEA model is in the form of a LP model, the assumption of crisp
deterministic inputs and outputs are required. This requirement is limited to applications
of the traditional DEA model in real world problems with both variation in term of
randomness and vagueness of input and output data. In this paper, the fuzzy stochastic
DEA model for evaluating supply chain performance (FSDEA-SC) is proposed to
handle simultaneously both randomness and vagueness. Two steps of transforming the
FSDEA-SC model into the crisp deterministic DEA model for evaluating supply chain
performance (CDDEA-SC) used in this paper are based on the concept of chance-
constrained programming (CC) and the possibility approach.

Keywords: Chance-Constrained Programming, Data Envelopment Analysis, Supply
Chain Management, Possibility theory

1. Introduction

The concept of supply chain management requires the performance of overall
supply chain rather than each individual members. There are three reasons for
measuring the performance of supply chain system. First, measuring the performance to
provide the basis to understand the supply chain operations. Second, measuring the
performance to monitor and manage the supply chain system through identifying the
best practice supply chain operations. Finally, measuring the performance to provide
directions of supply chain system improvement. (Zhu, 2003) A typical supply chain
system can be presented in Figure 1 with four echelons.
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Figure 1 Typical Supply Chain System

From Figure 1, Supply chain system consumes m inputs and produces s outputs.
Let DI* fori=1, ..., m and DR" for r = 1, ..., s respectively represent the direct input
and output subscript sets for a supply chain member A and x&* fori € DI* and y2 forr

e DR” denote direct inputs and outputs, respectively. Since each such output also
represents an input to associated supply chain member then only intermediate outputs

are defined. Let z5"™?* fora=1, ..., A; Z%’IaS“p forb=1,...,B; zMPS forc=1, ..., C;
ZPMe ford=1, ...,D; zM® fore=1, ..., E; 2™ forf=1, ..., F; ngiSRe forg=1,
ooy Gy ZFPS for h = 1, ..., H respectively represent the intermediate outputs from sup

to ma, which is the intermediate input from ma to sup, ma to dis, dis to ma, ma to re, re
to ma, dis to re and re to dis.

Since a supply chain system can be viewed as an integrated input-output system
which involves direct and intermediate inputs or outputs of each supply chain member,
then the DEA model which was first introduced by Charnes et al. (1978) can be adopted
to measuring performance of the system. Since the traditional DEA model is build
based on the crisp deterministic inputs and outputs requirement, which are the limited
by an application in real world problems with both variation in term of randomness and
vagueness of input and output data. Therefore the FSDEA-SC model is proposed to
handle this problem and two steps of transforming the FSDEA-SC model into the
CDDEA-SC model based on the concept of CC and the possibility approach are used in
this paper.

The paper is organized as follows. The traditional DEA and the FSDEA-SC
model are introduced in Second 2. The concept of CC and its deterministic equivalent
are used to transform the FSDEA-SC into the fuzzy deterministic DEA model
(FDDEA-SC) in Section 3. In Section 4, by using the concept of possibility approach,
the FDDEA-SC model is transformed into the CDDEA-SC model. Finally, Section 5
concludes the paper.

2. Background
2.1. Data Envelopment Analysis (DEA) model

The first DEA model proposed by Charnes et al. (1978) is the CCR model which
presented a constant return to scale (CRS) model for evaluating the performance of a set
of comparable DMU . In the usual setting, there are n evaluated DMUs, each of which
consume the same type of m inputs and produce the same type of s outputs. If the input
and output data for DMU; forj =1, ..., n are (Xjj, ..., Xmj) and (yi;, ..., ¥sj), respectively,
then the efficient of the evaluated target DMU (DMU,) is measured by solving the dual
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problem of CCR model or envelopment model (DCCR) which is expressed with a real

variable 0 and A; for j = ,nin (1)-(5).

(Phase I-DCCR) min 6 (1)
(Phase [I-DCCR) max 3's; + 3s; )

i=l r=1
Subject to Ox;, — XA ;x; —s7 =0 3)
=

Zl)\'erj ~Yro — S:—: 0 4)
J:

Aj>0,5>0,s>0 Q)

Where (s ,s; ) are slacks of input oriented envelopment model.

In the first of them, LP problem is solved to find optimal 0" and find a solution
that maximizes the sum of all slack with assurance that 0" will not possible to improve
any input or output with worsening some other input or output in second phase. The
DMU, is determined to be radial efficiency or CCR-inefficiency if and only if an
optimal solution satisfies 0" = 1, and will be called CCR-efficiency if and only if an
optimal solution satisfies ® = 1 and all slacks are zero. An optimal solution
(N ) from (1)-(5) is called the max-slack solution. If the max-slack solution

satisfies both si_ = (0 and sr = 0, then it is called zero slack. For an inefficient DMU,,

_]’l’r

its efficiency of (Xi, yro) can be improved by projecting DMU, into its reference set
(Eo), which are defined by E, = {j/ 7»; >0} forj e {1, 2, ..., n}. The projections of the

input oriented DCCR model are given in the following formula.

- 6*Xio - Si_* (6) yro,improved = Yo T S;r* (7)

Note that, there are three reasons for solving the envelopment model. First, the
number of DMUs (n) is larger than the number of inputs and outputs (m + s) and hence
it take to more time and larger memory to solve primal problem or multiplier model
with n constraints than to solve the envelopment model with m + s constraints. Second,
the inefficient DMU cannot be improved to improved activity because the reference set
and max slack solution cannot be found in multiplier models. Finally, The
interpretations of envelopment models are more straightforward than multiplier models.
(Cooper et al. 2000)

X io,improved

2.2. FSDEA Model for Evaluating Supply Chain Performance

Suppose that there are n supply chains (DMUs) are evaluated in real world
problems with both variations in term of randomness and vagueness of input and output
data, each of which consume the same type of m fuzzy stochastic inputs and produce the
same type of s fuzzy stochastic outputs Let fuzzy stochastic direct input and output data

AS FSup TM “Ma 7 Di ZDis AR ZR
of DMU; are (X, “p,..., up D ST Sl ST Sl SN St and
Sup XSup A Ma “Ma 7% Dis < Dis = SupMa
(y coos Yomg Vi e Ymi Y s Vi y1J ymj) respectively, z fora=1,
X Ma$ % MaDi X DisM. % MaR
A; ija P forb=1,...,B; z;; " forc=1,...,C; zdjls “ford=1,...,D; 25 " fore

=1, .., B 28M forf=1, .., F 22 forg=1, ..., G; ReD‘Sforh—l ,H

respectlvely represent fuzzy stochastic intermediate output data, therefore the model for
evaluating supply chain performance is given in the following formula.
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N QS 4w OM 4w QP 4w QR
(FSDEA-SC) min Q" = —! 2 3 4 (8)
(W1 +W W, +W4)

Subject to
LART QR <0 ©) IT = ZATyT <0 (10)
vSupMa _ zxjﬂasjupMa <0 (11) ZX ié\J/IaSup ZI];/IaSup <0 (12)
PRI QMR <o (13) In' - 2B < (14)
ZBJASupMa vggpMa <0 (15) vMaSup ZBJAMaSup <0 (16)
Zeo™" ZBJAM‘”‘S <0 (17) ZBJAD“M*‘— o =0 (18)
ZMaRe _ ZBJAMaRe <0 (19) Ji:lﬁjgtlj{eMa _zReMs (20)
Zxﬁi?‘s QPERPE <0 21) yRe —ZnyD‘S <0 (22)
ijig}/[aDls _zzl)aDis S 0 (23) lesMa _ ZX] A DlSMa S 0 (24)
7 - St <0 (25) L2 -2 <0 (26)
za KR _qRexRe < (27) JRe zaﬁ}e < (28)
28 iel}/laRe _vg/(l)aRe S 0 (29) vReMa 28 AReMa S0 (30)
za ZDiske _ 7 Diske (31) Z e zafﬁ}ems <0 (32)
QAzo,Mzo,szo,szo,szo (33)

Where Q" is supply chain efficiency, w are the user-specified weights reflecting the
preference over performance of supply chain member, A, 3;, x; and §; forj=1, ..., n are
decision variables and ““ e represent unknown decision variables.

3. The Equivalent Fuzzy Deterministic DEA for Supply Chain Evaluation
3.1. FSDEA Model for Evaluates Supply Chain Performance

In this section, the concept of CC which was introduced by Charnes and Cooper
(1959) are used to transform model FSDDEA-SC to be FDDEA-SC. CC is a kind of
stochastic optimization approaches. It is suitable for solving optimization problems with
random variables. The constraints are guaranteed to be satisfied with a specified
probability at the optimal solution found. Since constraints (8)-(33) are classified to be
four types for each of supply chain’s member constraint, i.e., direct input, direct output,
intermediate input and intermediate output constraints. For example, there are four types
for supplier’s constraints in (9)-(12) and which are converted to be probability
programming by CC.
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Direct input; Pr{ik J;Sup Q5w %iso‘lp < 0} >1-p™ fori e DIS™ (34)
i
Direct output; Pr{yrsg‘p i%?f}.w < ()} >1- 1> forr e DR (35)
=
Intermediate output; Pr{zsupMa ilk anSj“pMa < 0} > 1 — pSwMa (36)
J:
Intermediate input; Pr ZX zMaSLlp zMaSup < g1 > 1 — gMaSup 37
p bo b

where “Pr” means probablhty, 1—p™, 1 — 3, 1 — 05" and 1 — 0" are

specified probability. “ e ” is a fuzzy random variable.

3.2. Deterministic Equivalent

Let @;, o, K Kb MS are external slack which can be inserted in the inequality

outside braces to achleve equality, then supplier’s probability equations are given in the
following formula.

Pr{ijfci“p —QSPESP < 0} (1-pi"™)+w (38)
{yrsfp ZX i’suP < 0} (1- ) + o (39)
{ éxﬁ 34}= (1— M)+ M (40)

Pr{ék s zg@s} (1— OMS) 4 (S (41)

Since Pr{s <Z=}= (1 — 9) + I is equivalent with Pr{e <= -S}=1 — 9, where
is a random variable, = is a constant, 1 — § is a specified probability, I' is an

external slack and S is a positive number. If e is assumed to be normal variable, then
Pr{e <E=-S}=1-9 is normalized by

—E(®) _E-S- E(e) _ ) L ]
= - 8 — = S o) = 8 °
{i/o@ Jo®) } 1= or =245+ 50 = ¢ E)e® (“2)

GC 2

Where E(e) is expected value of random variable, ./o(®) is standard deviation of

random variable and @ represents the normal cumulative distribution function and @'
is its inverse. In a manner similar with (42), deterministic equivalent of (38)-(41) are
transformed to be

zx E(xS“P) QSPERSP)+57 = D (p?“p)\/[szs“f’x] Cov [QS“Px] (43)
EGnr)- 27» EGE)+s =0 (1), 1] Cov [12] (44)
Zog™M g MEGZ ™) +si =703 [\ Cov ] (45)
zx E(AM"‘S“") ZoaSw gy =@ 0y AT Cov 2] (46)

b
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Where s;, s', si and s are positive number, [OA] = (6, A1, Aa, ..., An)', [IA] = (1, Ay,

Aoy enns rl) , [M] =, Ay, . n)T Covi, Cov,, Cov, and Covy, are in form
V(ﬁ io ) e COV(X io» Xin ) V(g’ro ) e COV(glro 5 S\/m )
Coviz| : 47) Cov=| L | @48)
COV(Xlo > in ) V()’\( in ) COVG’ro > 5’m ) o V(S’m )
V(Eal ) o Cov(;al > Ean ) V(Ebl ) e COV(;bl > rébn )
Covi=| s 49) Cow=| L (50)
COV(Zal > Lan ) V(gan ) COV(ibl > 2bn ) V(ibn )

Where symbol “V” and “Cov” refers to a variance and covariance operator,
respectively. To obtain the deterministic equivalent to (43)-(46), the linearization

approach to obtain a linear deterministic equivalent, which was introduced by Cooper et

I. (1998) is used. In this approach, stochastic variables (xS“p, X5, g I,

X SupM S
zajup * and zb MaSup ) are assumed to be
s Sup — —Sup ~Sup Sup _ =Sup | ~Sup
Xio + P Cloa Yr Yoo T 9ro Sro> (51
s Sup _ Sup ~ Sup Sup _ Sup Sup
Xij X + p Cl_] 2 y + érj ) (52)
X'SupMa __ —SupMa 1. SupMa .5 MaSup _ =MaSup , 7 SupMa _
ai Zy o kG Gaps 2y, Zy, Ut Ky Gy (53)
=Sup TSup TSup TSup =SupMa MaSup ~Sup
Where X7, Vo', Xi s Vit Zy and z,; are the fuzzy mean. p."C, ,

~ Sup ~ Sup Sup SupMa 7. SupMa ~Sup =~ Sup
dro Sro»> Py Gij» qu &> Ky Gy and ki gy are error terms. Since pit, qr”

55“13, ag“p ksuplvIa and kg‘jupMa are the fuzzy standard deviation and ,,, &, Gjis &5
S, and ¢ are error structure which are assumed to be normal distribution N(O, o),

therefore the fuzzy expected value and variance of variables are given in the following
formula.

EGRR) = X327, BGP) = Far, BES™) = X5,

(yrSJup) — yrSJup E(ASupMa) _ —SJupMa E( li\/laSup) _ —é\J/IaSup (54)

Vark3®) = (F370)%, VarGir) = (G50o)?, Var(XS“") = (p;"0)%,

Var(ysup) = (q5"0), Var(is"pMa) = (k3"™0)’ ,Var(zbj 5Py = (kg™ 0)®  (55)

Since Cov;, Cov,, Cov, and Covy, are diagonal matrix, then

\/[qupk] Cov [QSUP}\,] _ QSupNSupc_i_z;L pSUPG (56)
[IK]TCovr[lk] = q3%o + ijqsupo (57)
A" Cov o] - zx SMag (58) (] Cov 2] = ZX k™o (59)

Therefore, (43)-(46) are reformulated to be the following formula.
szxSup —QSPXIP 4 s7= @7 (pi? )(QS“pNS“pG+ YA, pSUpﬁj (60)
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Fouw _ 39 5o s = <1>1<r§“P>(qm“Pc+ $. qs‘%j (61)
J=1

vSupMa _ zxj—zupMa + S; — (D—l(egupMa )(;}LJEZ‘UPMEIG) (62)

zx Zy P =2y P sy = cD—l(eMaS“p)(zx ey j (63)

4. The Equivalent Crisp Deterministic DEA for Supply Chain Evaluation
4.1. Possibility Approach

Possibility theory in the context of the fuzzy set theory was introduced by Zadeh
(1978) which is dealing with non-stochastic imprecision and vagueness. A good
reference on possibility theory is Dubois and Prade (1980) and Zimmermann (1996).
Suppose that (®,,P(®;),x;) for i =1, ..., n are a possibility space with ®; being the
nonempty set of interest, P(®;) is the collection of all subset of ®;, and m; is the
possibility measure from P(®;) to [0, 1], then ©(¢) = 0 and n(®;) = 1, T(UiA)) =
supi{m(A;)} with each A; € P(®;). Let y be fuzzy variable as a real-valued function
defined over ©; with the membership function pg (s) as

g (s) = sup (m{(8)}/F(6) =5} fors e R (64)

1€®i
From possibility theory (Zadeh, 1978), if (®, P(®), nt) be a product possibility
space such that ® = ®, _©, then
n(A)=min{m, (A, ) A=A, x..xA,A, € P(0,)) (65)
To compare two fuzzy variables (Dubois and Prade, 1980), let a and b are two
fuzzy variables on the possibility spaces (®,,P(®,),m,) and (©,,P(®,),n,),

respectively, then the possibility measure of fuzzy event a<b is defined on the
product possibility space (® = ©, x®,, P(®), n) by

n(@ <b) = = sup{min{u_(s) <p. (OYs <t} (66)
s,teR
Let a,,...,a, be fuzzy variables and fj : R" — R be a real-valued function for j =
1, ..., m. The possibility measure of fuzzy event is given by
n(f (al, »8,)<0)= sup {min{pg (s))}/f;(sy,...s,) <O} forj=1,...m  (67)
Si,5--Sn €R

Lertworasirikul et al. (2003) was proposed and proofed Lemma 1 and its can be
adopted to transform the fuzzy DEA to be crisp DEA model and which is used to
transform the fuzzy stochastic CCR in multiplier form to be crisp deterministic CCR by
Punyangarm et al. (2006)

Lemma 1. Let a,..,a, be fuzzy variables with normal and convex membership
functions. Let (0)]0;i and (e) (le denote the lower and upper bounds of the a-level set of
a;i=1, ..., n for possibility levels o, o, and a3 with 0 < oy, o, a3 < 1, then

(i) m(@ +-+8, <b)> 0y iff (@))g +-+(@n)g <D,

(i) (@ +--+8n 2 b) 2 ay iff (@), ++-+(@n)ay 2 b,

(iii) (@, +-+ 8y =b) = a3 iff (@), +++ (@n)gy <band (@))g; ++ +(@n)ay 2 b
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4.2.  Crisp Deterministic Equivalence

From lemma 1, let o; fori=1, ..., m; o, forr=1, ...,s; o, fora=1, ..., A and
ap for b =1, ..., B respectively represent possibility levels of direct input, output and
intermediate input (output) data. By the concept FDDEA model becomes the following
supplier’s constraints of possibility deterministic DEA.

J

POS{CD (psup)[qup “pc+ ijpuul’cj ZX X +QS“pxsup =Ss. } > (68)

Pos{d)_l(rfup) Sipg 4 Z?»Jqq“pc) youw 4 Z?» ySup = } > Ol (69)

Pos{cp—‘(eiM) ijk;M j+ zsz;M =Zn! +s;} >y (70)

Pos{cp—‘(eg“) ilxjﬁgfsoj— _ilxﬁgj‘s sy -z } > ot (71)
J= J=

where “Pos” means possibility. The equivalent fuzzy deterministic DEA model of
supplier’s constraints in (68)-(71) are transformed to be crisp deterministic DEA
(CDDEA) model as

® (p?“p)(ﬂ's“"(ﬁs“p) c+zx i) o]—ilxj(ii“%g +QMXN) <5 (72)
i = i i

cDl(p?“p)(ﬂs“p(ﬁi“p)”c+ixj<5§“f’>%j zx (") + QIR > 57 (73)
oti j=1 ai o

% i

o (@) @) c+zx ;@ c]—(yr;*% 320G <5 (74)
O~ (1) (@")) o+z>» i@ "J (yr“p> +zx M) = (75)
®'(OM) ;‘;M@SJ-M)g o |+ 2@, <2 ] (76)
@' (O%M) %M(EZM)S o +§17‘J(%5M)3 > 7M 45! (77)
o)) éxj(if,fs){;bc —j”glxj(%g“)i < sy -7y (78)
U X A (79)

Similar to the transforming crisp deterministic equivalent procedures of
supplier’s constraints in (34)-(37) to (72)-(79), the other supply chain’s members are
transformed to be crisp deterministic equivalent by the same procedures.

5. Conclusion

Differentiate with the performance evaluation by traditional DEA approach. The
DEA model for supply chain performance evaluation is involved both of direct and
intermediate input-output system. Since the effect of randomness and vagueness
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variation of input and output data, then the two steps of transform procedure which are
chance constraints and possibility approach is used to convert the FSDEA to be linear
programming which is referred as CDDEA model. This procedure helps us to delimiting
the problem with fuzzy and stochastic inputs and outputs. However, the effect of this
procedure threats the number of new model’s constraints to be increased from (m + s +
A + ...+ H) constraints to 2(m + s + A + ... + H) constraints.
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