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Abstract 
 

The concept of traditional data envelopment analysis (DEA) model has been 
used for measuring relative efficiencies of a set of homogenous decision making units 
(DMUs) by comparing a target DMU with other DMUs that utilize the same multiple 
inputs to produce the same multiple outputs based on linear programming (LP) 
techniques. Unlike the traditional DEA model, the concept of supply chain management 
requires the performance of overall supply chain rather than the performance of each 
individual member. This paper applies the methodology of DEA model for evaluating 
supply chain performance (DEA-SC) and achieving the best practice. However, since 
the traditional DEA model is in the form of a LP model, the assumption of crisp 
deterministic inputs and outputs are required. This requirement is limited to applications 
of the traditional DEA model in real world problems with both variation in term of 
randomness and vagueness of input and output data. In this paper, the fuzzy stochastic 
DEA model for evaluating supply chain performance (FSDEA-SC) is proposed to 
handle simultaneously both randomness and vagueness. Two steps of transforming the 
FSDEA-SC model into the crisp deterministic DEA model for evaluating supply chain 
performance (CDDEA-SC) used in this paper are based on the concept of chance-
constrained programming (CC) and the possibility approach. 

 
Keywords: Chance-Constrained Programming, Data Envelopment Analysis, Supply 
Chain Management, Possibility theory 
 
1. Introduction 

The concept of supply chain management requires the performance of overall 
supply chain rather than each individual members. There are three reasons for 
measuring the performance of supply chain system. First, measuring the performance to 
provide the basis to understand the supply chain operations. Second, measuring the 
performance to monitor and manage the supply chain system through identifying the 
best practice supply chain operations. Finally, measuring the performance to provide 
directions of  supply chain system improvement. (Zhu, 2003) A typical supply chain 
system can be presented in Figure 1 with four echelons. 
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Figure 1 Typical Supply Chain System 
 

From Figure 1, Supply chain system consumes m inputs and produces s outputs. 
Let DIΔ for i = 1, …, m and DRΔ for r = 1, …, s respectively represent the direct input 
and output subscript sets for a supply chain member Δ and Δ

ix  for i ∈ DIΔ and Δ
ry  for r 

∈ DRΔ denote direct inputs and outputs, respectively. Since each such output also 
represents an input to associated supply chain member then only intermediate outputs 
are defined. Let SupMa

az  for a = 1, …, A; MaSup
bz  for b = 1, …, B; MaDis

cz  for c = 1, …, C; 
DisMa
dz  for d = 1, …, D; MaRe

ez  for e = 1, …, E; ReMa
fz  for f = 1, …, F; DisRe

gz  for g = 1, 
…, G; ReDis

hz  for h = 1, …, H respectively represent the intermediate outputs from sup 
to ma, which is the intermediate input from ma to sup, ma to dis, dis to ma, ma to re, re 
to ma, dis to re and re to dis. 

Since a supply chain system can be viewed as an integrated input-output system 
which involves direct and intermediate inputs or outputs of each supply chain member, 
then the DEA model which was first introduced by Charnes et al. (1978) can be adopted 
to measuring performance of the system. Since the traditional DEA model is build 
based on the crisp deterministic inputs and outputs requirement, which are the limited 
by an application in real world problems with both variation in term of randomness and 
vagueness of input and output data. Therefore the FSDEA-SC model is proposed to 
handle this problem and two steps of transforming the FSDEA-SC model into the 
CDDEA-SC model based on the concept of CC and the possibility approach are used in 
this paper. 

The paper is organized as follows. The traditional DEA and the FSDEA-SC 
model are introduced in Second 2. The concept of CC and its deterministic equivalent 
are used to transform the FSDEA-SC into the fuzzy deterministic DEA model 
(FDDEA-SC) in Section 3. In Section 4, by using the concept of possibility approach, 
the FDDEA-SC model is transformed into the CDDEA-SC model. Finally, Section 5 
concludes the paper. 

 
2. Background 
2.1. Data Envelopment Analysis (DEA) model 

The first DEA model proposed by Charnes et al. (1978) is the CCR model which 
presented a constant return to scale (CRS) model for evaluating the performance of a set 
of comparable DMUs. In the usual setting, there are n evaluated DMUs, each of which 
consume the same type of m inputs and produce the same type of s outputs. If the input 
and output data for DMUj for j = 1, …, n are (x1j, …, xmj) and (y1j, …, ysj), respectively, 
then the efficient of the evaluated target DMU (DMUo) is measured by solving the dual 
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problem of CCR model or envelopment model (DCCR) which is expressed with a real 
variable θ and λj for j = 1, …, n in (1)-(5). 
(Phase I-DCCR) min θ     (1) 

(Phase II-DCCR) max ∑+∑
=
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=

− s
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Subject to −
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n

1j
rjj syyλ = 0     (4) 

λj > 0, −
is > 0, +

rs > 0     (5) 
Where ( −

is , +
rs ) are slacks of input oriented envelopment model. 

In the first of them, LP problem is solved to find optimal θ* and find a solution 
that maximizes the sum of all slack with assurance that θ* will not possible to improve 
any input or output with worsening some other input or output in second phase. The 
DMUo is determined to be radial efficiency or CCR-inefficiency if and only if an 
optimal solution satisfies θ* = 1, and will be called CCR-efficiency if and only if an 
optimal solution satisfies θ* = 1 and all slacks are zero. An optimal solution 
( *

jλ , *
is− , *

rs+ ) from (1)-(5) is called the max-slack solution. If the max-slack solution 

satisfies both *
is− = 0 and *

rs+ = 0, then it is called zero slack. For an inefficient DMUo, 
its efficiency of (xio, yro) can be improved by projecting DMUo into its reference set 
(Eo), which are defined by Eo = 0}λ / j *

j >{  for j ∈ {1, 2, …, n}. The projections of the 
input oriented DCCR model are given in the following formula. 

improvedio,x  = *
iio

* sxθ −−  (6) improvedro,y  = *
rro sy ++      (7) 

Note that, there are three reasons for solving the envelopment model. First, the 
number of DMUs (n) is larger than the number of inputs and outputs (m + s) and hence 
it take to more time and larger memory to solve primal problem or multiplier model 
with n constraints than to solve the envelopment model with m + s constraints. Second, 
the inefficient DMU cannot be improved to improved activity because the reference set 
and max slack solution cannot be found in multiplier models. Finally, The 
interpretations of envelopment models are more straightforward than multiplier models. 
(Cooper et al. 2000) 

 
2.2. FSDEA Model for Evaluating Supply Chain Performance 

Suppose that there are n supply chains (DMUs) are evaluated in real world 
problems with both variations in term of randomness and vagueness of input and output 
data, each of which consume the same type of m fuzzy stochastic inputs and produce the 
same type of s fuzzy stochastic outputs. Let fuzzy stochastic direct input and output data 
of DMUj are )x
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respectively represent fuzzy stochastic intermediate output data, therefore the model for 
evaluating supply chain performance is given in the following formula. 
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ΩΔ > 0, λj > 0, βj > 0, χj > 0, δj > 0   (33) 
 
Where ΩΔ is supply chain efficiency, w are the user-specified weights reflecting the 
preference over performance of supply chain member, λj, βj, χj and δj for j = 1, …, n are 
decision variables and “ •( ” represent unknown decision variables. 
 
3. The Equivalent Fuzzy Deterministic DEA for Supply Chain Evaluation 
3.1. FSDEA Model for Evaluates Supply Chain Performance 

In this section, the concept of CC which was introduced by Charnes and Cooper 
(1959) are used to transform model FSDDEA-SC to be FDDEA-SC. CC is a kind of 
stochastic optimization approaches. It is suitable for solving optimization problems with 
random variables. The constraints are guaranteed to be satisfied with a specified 
probability at the optimal solution found. Since constraints (8)-(33) are classified to be 
four types for each of supply chain’s member constraint, i.e., direct input, direct output, 
intermediate input and intermediate output constraints. For example, there are four types 
for supplier’s constraints in (9)-(12) and which are converted to be probability 
programming by CC. 
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” is a fuzzy random variable. 
 
3.2. Deterministic Equivalent 

Let ϖi, ωr, SM
aκ , MS

bκ are external slack which can be inserted in the inequality 
outside braces to achieve equality, then supplier’s probability equations are given in the 
following formula. 

⎭
⎬
⎫

⎩
⎨
⎧ ≤∑ −

=
0x

~̂
Ωx

~̂
λPr Sup

io
Supn

1j

Sup
ijj = (1 – Sup

iρ ) + ϖi   (38) 

⎭
⎬
⎫

⎩
⎨
⎧ ≤∑−

=
0y

~̂
λy

~̂
Pr

n

1j

Sup
rjj

Sup
ro = (1 – Sup

rτ ) + ωr   (39) 

⎭
⎬
⎫

⎩
⎨
⎧ −≤∑−

=

SM
ao

n

1j

SM
ajj zz

~̂
λPr ( = (1 – SM

aθ ) + SM
aκ    (40) 

⎭
⎬
⎫

⎩
⎨
⎧ ≤∑

=

MS
bo

n

1j

MS
bjj zz

~̂
λPr ( = (1 – MS

bθ ) + MS
bκ    (41) 

Since { }ΞˆPr ≤• = (1 – ϑ) + Γ is equivalent with { }SΞˆPr −≤• = 1 – ϑ, where 
“ •̂ ” is a random variable, Ξ is a constant, 1 – ϑ is a specified probability, Γ is an 
external slack and S is a positive number. If •̂  is assumed to be normal variable, then 
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Where )ˆE(•  is expected value of random variable, )ˆσ(•  is standard deviation of 
random variable and Φ represents the normal cumulative distribution function and Φ–1 
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Where symbol “V” and “Cov” refers to a variance and covariance operator, 
respectively. To obtain the deterministic equivalent to (43)-(46), the linearization 
approach to obtain a linear deterministic equivalent, which was introduced by Cooper et 
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ijj sx~Ωx~λ = Φ–1( Sup

iρ ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑+
=

n

1j

Sup
ijj

Sup
io

Sup σp~λσp~Ω    (60) 
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+
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+∑− r
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1j

Sup
rjj

Sup
ro sy~λy~ = Φ–1( Sup

rτ ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑+
=

n

1j

Sup
rjj

Sup
ro σq~λσq~    (61) 

+

=
+∑− a

n

1j

SupMa
ajj

SupMa
ao sz~λz(  = Φ–1( SupMa

aθ ) ⎟
⎠
⎞

⎜
⎝
⎛
∑
=

n

1j

SupMa
ajj σk~λ    (62) 

−

=
+−∑ b

MaSup
bo

n

1j

MaSup
bjj szz~λ (  = Φ–1( MaSup

bθ ) ⎟
⎠
⎞

⎜
⎝
⎛
∑
=

n

1j

MaSup
bjj σk~λ    (63) 

 
4. The Equivalent Crisp Deterministic DEA for Supply Chain Evaluation 
4.1. Possibility Approach 

Possibility theory in the context of the fuzzy set theory was introduced by Zadeh 
(1978) which is dealing with non-stochastic imprecision and vagueness. A good 
reference on possibility theory is Dubois and Prade (1980) and Zimmermann (1996). 
Suppose that )π),P(Θ,(Θ iii  for i = 1, …, n are a possibility space with Θi being the 
nonempty set of interest, P(Θi) is the collection of all subset of Θi, and πi is the 
possibility measure from P(Θi) to [0, 1], then π(φ) = 0 and π(Θi) = 1, π(∪iAi) = 
supi{π(Ai)} with each Ai ∈ P(Θi). Let ψ~  be fuzzy variable as a real-valued function 
defined over Θi with the membership function (s)μψ~ as 

(s)μψ~  = 
ii Θθ

sup
∈

{π{(θi)}/ψ~ (θi) = s} for s ∈ R   (64) 

From possibility theory (Zadeh, 1978), if (Θ, P(Θ), π) be a product possibility 
space such that Θ = Θ1, …, Θn then 

))P(ΘA,A...A)/A(Amin{ππ(A) iin1ii ∈××==    (65) 

To compare two fuzzy variables (Dubois and Prade, 1980), let a~  and b~  are two 
fuzzy variables on the possibility spaces )π),P(Θ,(Θ 111  and )π),P(Θ,(Θ 222 , 

respectively, then the possibility measure of fuzzy event b~a~ ≤  is defined on the 
product possibility space (Θ = 21 ΘΘ × , P(Θ), π) by 

)b~a~π( ≤  = t}(t)}/sμ(s){min{μsup
b~a~Rts,

≤≤=
∈

   (66) 

Let n1 a~,...,a~  be fuzzy variables and ƒj : Rn → R be a real-valued function for j = 
1, …, m. The possibility measure of fuzzy event is given by 
π( 0)a~,...,a~(ƒ n1j ≤ ) = 0})s,...,(s)}/ƒ(s{min{μsup n1jia~

R,...,ss i
n1

≤
∈

for j = 1, …, m   (67) 

Lertworasirikul et al. (2003) was proposed and proofed Lemma 1 and its can be 
adopted to transform the fuzzy DEA to be crisp DEA model and which is used to 
transform the fuzzy stochastic CCR in multiplier form to be crisp deterministic CCR by 
Punyangarm et al. (2006) 

 
Lemma 1. Let n1 a~,,a~ K  be fuzzy variables with normal and convex membership 
functions. Let L

αi
)(•  and U

αi
)(•  denote the lower and upper bounds of the α-level set of 

ia~ ; i = 1, …, n for possibility levels α1, α2 and α3 with 0 < α1, α2, α3 < 1, then 
(i) 1n1 αb)a~a~π( ≥≤++L  iff b)a~()a~( L

1αn
L
1α1 ≤++L , 

(ii) 2n1 αb)a~a~π( ≥≥++L  iff b)a~()a~( U
2αn

U
2α1 ≥++L , 

(iii) 3n1 αb)a~a~π( ≥=++L  iff b)a~()a~( L
3αn

L
3α1 ≤++L and b)a~()a~( U

3αn
U

3α1 ≥++L  
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4.2. Crisp Deterministic Equivalence 
From lemma 1, let αi for i = 1, …, m; αr for r = 1, …, s; αa for a = 1, …, A and 

αb for b = 1, …, B respectively represent possibility levels of direct input, output and 
intermediate input (output) data. By the concept FDDEA model becomes the following 
supplier’s constraints of possibility deterministic DEA. 
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⎠
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⎛
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where “Pos” means possibility. The equivalent fuzzy deterministic DEA model of 
supplier’s constraints in (68)-(71) are transformed to be crisp deterministic DEA 
(CDDEA) model as 
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Similar to the transforming crisp deterministic equivalent procedures of 
supplier’s constraints in (34)-(37) to (72)-(79), the other supply chain’s members are 
transformed to be crisp deterministic equivalent by the same procedures. 

 
5. Conclusion 

Differentiate with the performance evaluation by traditional DEA approach. The 
DEA model for supply chain performance evaluation is involved both of direct and 
intermediate input-output system. Since the effect of randomness and vagueness 
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variation of input and output data, then the two steps of transform procedure which are 
chance constraints and possibility approach is used to convert the FSDEA to be linear 
programming which is referred as CDDEA model. This procedure helps us to delimiting 
the problem with fuzzy and stochastic inputs and outputs. However, the effect of this 
procedure threats the number of new model’s constraints to be increased from (m + s + 
A + … + H) constraints to 2(m + s + A + … + H) constraints. 
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