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Abstract 
 

We present the Max-Min ant system (MMAS) based heuristic to solve the 
capacitated p-medians problems (CPMP). We use the MMAS to select the p-locations 
that are going to be opened as the medians out of m customers. The remaining (m-p) 
customers will be assigned to be served by the pre-selected p medians. The customers 
will be assigned to the closest median if that median still has enough capacity while 
other heuristics use the location to decide which sets of customers are closest to them 
and decide to serve these customers until the its capacity is  full. Two phases of local 
search have been applied. The first phase is to change a client into a median and this 
median into a client seeking an improvement of the objective function (by the first 
improvement rule). The second phase of local search is to change the client(s) between 
two medians. Each ant selects p-medians and the local search is applied, then the best 
ant, in each iteration, is selected to apply the iterated local search (ILS). ILS consists of 
two phases, local search and perturbation.  The result shows that when MMAS works 
with ILS, the solution quality is significantly improved. The best ant will be iteratively 
perturbing and the local search is applied (two phases local search) until a predefined 
number of iterations is reached then the ILS phase ends. The algorithm that we 
proposed here, an algorithm which combines the MMAS and ILS, outperforms the best 
existing heuristics published so far. 
 
Keywords: capacitated p-median, combination, Max-Min ant system, iterated local 
search 
 

1. Introduction 
P-median problem is the problem that locates P "facilities" relative to a set of 

"customers" such that the sum of the shortest demand weighted distance between 
"customers" and "facilities" is minimized. The capacitated p-medians problem (CPMP) 
is the p-median which is restricted to the limitation of serving capacity of opened 
facilities or locations. CPMP is a combinatorial optimization problem that can be 
described as follows: given a graph with n vertices (customers or clients), find p centers 
(medians) and assign the other vertices to them minimizing the total distance covered, 
limited to a capacity restriction. This problem is a special case of the “capacitated plant 
location problem with single source constraints” and many other combinatorial 
problems as pointed in Osman and Christofides [29]. As such, the CPMP was proved to 
be NP-complete in Garey and Johnson [13]. Its practical use varies from industrial and 
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commercial planning to every clustering related problem, like data mining, pattern 
recognition, vehicle routing and many others.  
 The CPMP has been extensively studied both in exact and heuristic approaches. 
The exact based on a set partitioning with side constraints formulation of the CPMP has 
been investigated by Neebe and Rao [27] and Hansen et al. [16]. There is also another 
exact method solving p-median problems proposed by Senne et al [30] who present the 
branch and price algorithm.  

Heuristic algorithms have been proposed by Mulvey and Beck [26]. 
Metaheuristic approaches are described in Osman and Christofides [29] and in 
Maniezzo et al. [20]. Case study also has been studied which can add realistic 
constraints such as bounds on the clusters cardinality or incompatibility between 
customers. Other important constraints are the distance constraints, which require that 
each customer is assigned to a median within a specified distance limit. This prevents 
solutions in which some customers are too far from the medians. An analysis of network 
location problems with distance constraints has been presented by Moon and Chaudhry 
[24], Choi and Chaudhry [5], Moon and Papayanopoulos [25] and  Chaudhry et al. [6]. 
More recently Lorena et al. present the local search heuristics. Later on the same author 
proposed the heuristics based on a column generation approach. In 2005 Olivetti et al. 
[28] present the ant system based algorithms. The ant decides which set of locations will 
be opened and then the set of closest customers to each location will be assigned to 
those selected locations. Number of customers that can be serviced by a location 
depends on the capacity of a location. Then the simple local search techniques are 
applied to search for better solution.  

We present here a Max-Min ant system based heuristic (MMAS). We use 
MMAS to find the set of locations that will be opened and assigns the customers to each 
location.  Then we apply the two-phases local search procedure for each ant. The best 
ant generated in each iteration is selected to apply iterated local search (ILS) to enhance 
the solution quality. In conclusion our algorithm has two main contributions as follows: 

 
1. Most of the constructive heuristics proposed determine which locations will be 

opened and for each location a set of closest customers is assigned to be 
served. Number of member of a set depends on the limited capacity of a 
location. In our approach, after locations are selected, each customer decides 
which location is the closest location to it. It will be assigned to be served by 
that location. It continuously assign customer to location until all customers 
are assigned.  The priority rule of which customer will be assigned to a 
location depends on the distance to a closest location of that customer. 

 
2. After the ant construct the solution, a standard local search is applied. We 

combine the iterated local search procedure (ILS) in standard MMAS 
procedure in order to increase the search performance of the whole algorithm 
by  selecting the best ant in each iteration to apply the ILS procedure and the 
result is significantly improved from the one without the  ILS procedure while 
using the same computational time.  

 
The simulation results show that our approaches outperformed the best existing 

metaheuristics in s small size of problems and still be competitive for a large size of 
problems. This paper is organized as follows : in section 2 the mathematical formulation 
of the CPMP will be presented . Then in Section 3 the proposed heuristics will be 
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explained. In section 4, the experimental framework will be presented including the 
computational results. In the last section we will present conclusion and outlook. 

 
2. Mathematical Formulation of the CPMP  

This section provides a mathematical formulation of the capacitated p-medians 
problem as a constrained optimization problem: the total distance from the medians to 
the clients has to be minimized, constrained by the demands of clients and capacities of 
medians. On a complete graph, given n nodes with predefined capacities and demands, 
the goal is to choose p nodes (p < n) as capacitated medians and to attribute each one of 
the remaining (n − p) nodes, denoted clients, to one of the chosen medians, so that the 
capacity of each median is not violated by the cumulated demand, and the sum of the 
distances from each client to the corresponding median is minimal. Every node is a 
candidate to become a median, and the solution will consider demand and capacity of 
medians, and only demand of clients. Defining an n × n matrix X, with components xij 
∈{0,1}, i,j = 1,...,n, and an n-dimensional vector y, with components yj ∈ {0,1}, j = 
1,...,n, the following associations are imposed: 
 
Indices and dimension : 
I Label of customer j (j=1…J) 
J Label of potential location i (i=1…I) 
Parameters :  
dij Distance from customer i to location j when i (i=1…I), (j=1…J) 
P Number of location that allow to be opend  
Cj Capacity of location i (i=1…I) 
ai Capacity consuming per unit of product from customer i (i=1…I) 
Decision Variables : 
Xij

⎩
⎨
⎧

otherwiseo
jlocationtogedasisicustomerif sin1  

Yj

⎩
⎨
⎧

otherwiseo
openedisjlocationif1  

 
Objective function is to minimize the total distance of all customers to their 

median. (2) represents the constraint which controls that at least one time the customer 
has to be assigned to the median. The third constraint shows that the customers can be 
assigned only to the opened location.  (4) depicts that only p medians can be opened. 
The final constraint controls that the capacity used, left hand side of the constraint, to 
ship amount of demand to all assigned customers to that location cannot be greater than 
the maximum available capacity.  

 
 

Objective function: 
 

∑=
ji

ijij dXzMin
,

 (1)
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Subject to. 
 

1=∑
j

ijX  )....1( Iii =∀  (2)

jij YX ≤  )....1(),....1(, JjIiji ==∀  (3)
pY

j
j =∑   (4)

j
i

iij CaX ≤∑  )....1( Jjj =∀  (5)

 
   
3. The proposed heuristics for CPMP   

The proposed procedure is composed of two phases. Firstly, we use the MMAS 
to optimize the location that is going to be opened as a median. In first phase we use the 
traditional local search for the p-median problem as proposed in Olivetti et al. [28].  In 
the second phase of the algorithm, the best ant in the first phase has been selected to 
apply the iterated local search procedure to improve the solution quality. We will now 
discuss the framework of our heuristics which is shown in  Figure 1. 
 
/* initialization phase */ 
Initialize pheromone information and required parameters 
while (terminate condition not met ) do // number of iteration require or computational 
time is met 
    for each ant do 
           /* construct phase */ 
          Select the all p medians according to the decision rule in (6) (see Section 3.1) 
 Assign the customers to each median (see section 3.2) 
 Perform local search  
     end  
 while (number of perturbations or stopping condition of perturbation is not met) 
 the best ant for each iteration does the iterated local search (see Section 3.3) 
 end.  
           /* Adaptation of R and u values for each ant */ 
      update the pheromone matrix according to (14) (see Section 3.1) 
end 
 

Figure 1: Pseudo code of the proposed algorithm 
 

For each iteration, all ants will (pre define number of ant for each iteration) 
select the location that will open as a set of median according to decision rule (6) ( see 
more detail in Section 3.1). Then, all customers will be assigned to be served by the 
opened location (see more detail in Section 3.2). Afterward the local search will be 
performed. The local search algorithm that we use has been modified from Olivetti et al. 
[28] and we will explain it in Section 3.3.  After all ants perform the local search, the 
best ant will be selected to put in the ILS algorithm. The ILS algorithm will be 
explained in Section 3.4. The best solution found so far will be used to update the 
pheromone which will be explained in Section 3.1.  Now we are going to explain step 
by step of our algorithm. 
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3.1 MMAS for CPMP  
      We present here the same way of pheromone encoding scheme as in Olivetti et 
al. [28] but we use different heuristics information, iη ,  Olivetti et al. present the 
probability to select customer j to be a location as shown in formula (6) 
 

⎪⎩
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⋅
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(6) 
 

 
Where 
 

τi (t)    Intensity of pheromone trail  of customer i at iteration t  
α Parameter to regulate the influence of τi (t)    
β Parameter to regulate the influence ofηi

 
And  

∑
=

=
J

j
iji d

1
η

 
(7)

 
The heuristics information used in Olivetti et al. is the function of number of 

nodes that can be assigned to a particular node i divided by total distance of all 
customers assigned to that node (location i). We slightly modify formula (6) from 
Olivetti et al. by using sum of distance of all other customers to node i (value of 
modified iη  is shown in (7)) instead of using dynamic approaches and the solution 
quality in Section 4 shows that using diffent iη  generates the same solution quality.  

The pheromone bound is one of the most important aspects in MMAS and we 
take from Stuetzle and Hoos (21-24) as in following detail.  
 

)))()(,min(,max()1( maxmin ttt iii τρττττ Δ+=+                 (8)  
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where  

ρ∈[0,1] Parameter to regulate the evaporation of τi set equal to 0.98 
iτΔ  Total increase of trail level of customer i  which is controlled by 

maximum  and minimum value along with the concept of MMAS 
)( optsf  Global best solution value 
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3.2 The assigning of customer to opened location (p medians) 
After the p medians are selected, we will now assign customers to p locations. 

The algorithm proposed is shown in Figure 2. 
 
For (i<=customers) 
 Sort_location(i) = sort all locations based on their distance to customer i 
endfor.  

Sort_customer = sort all customers based on their distance to the closest location  
for (i<= customer )  
 Assign each customer to the closest location until the capacity of the closest 
location is full then go to the  next closest location (as in Sort_location(i) of customer i ) 
 Order of customer that will be assigned depend on  Sort_customer 
end.   
 

Figure 2: Pseudo code of the assigning step 
 
The first step of assigning the customers to a location is that for a particular 

customer (i), we sort all locations based on their distance to customer i. Then we use the 
distance of the closest location to a specific customer to find Sort_customer which is 
ordered from the smallest number to the biggest number. The first customer in 
Sort_customer will be assigned first to their closest location as long as the closest 
location has enough capacity. Otherwise, it will be assigned to the next closest location. 
Then, we continuously assign all customers in Sort_customer until all customers are 
assigned to locations. This assigning scheme is different from the previous heuristics in 
that mostly they assign the customer to a location if the customer is the closest customer 
to that location until that location runs out of capacity. Then the next location is 
determined. For our scheme, we use the customer as the center of assigning.  

 
3.3 The local search  

Basically the local search that we use is composed of two phases.   
(1) The first phase can be done by 

a. Generate the location list (the current opened location) and customers 
list (the customers of all location) from the current best solution. 

b. Exchange between a location (in location list) and a customer (in the 
customer list).  

c. Assign customers to the new location list obtained from (b). 
Assigning customers is the same as in assigning step. 

d. If the solution is improved, update the location list and customer list. 
e. Repeat step (a) to (d) until all locations are tried to exchange with 

customer list.  
(2) λ-interchange the customer from different clients where λ is the number of 

city that will change per time (For more detail in local search phase, see 
Olivetti et al [28] ) 

 
3.4 The iterated local search for CPMP 

After all ants have finished their local search, the best ant will be selected to 
apply the iterated local search procedure (ILS). ILS explores the search of local minima 
(denominated as S* ) to some given embedded heuristic, called LocalSearch in the 
following. ILS achieves this heuristically as follows. Given the current s*, we first 
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apply a change or perturbation that leads to an intermediate state s' (which belongs to S, 
the set of all candidate solutions). Then LocalSearch is applied to s' and we reach a 
solution s*' in S*. If s*' passes an acceptance test, it becomes the next element of the 
walk in S*; otherwise, one returns to s*. The resulting walk is a case of a stochastic 
search in S*, but where neighborhoods are never explicitly introduced. This ILS 
procedure should lead to good biased sampling as long as the perturbations are neither 
too small nor too large. If they are too small, one will often fall back to s* and few new 
solutions of S* will be explored. If on the contrary the perturbations are too large, s' will 
be almost random, there will be no bias in the sampling, and we will recover a random 
restart type algorithm. 

The ILS that we use here is composed of two basic steps:  
(1) perform local search on location  (see Section 3.3)  
(2) perturb the local optimal.  

In local search phase, we do the same as in Section 3.3 and perturbation phase can be 
explained as follows.  
 

The Perturbation 
Our perturbation looks similar to the 2-opt procedure in travelling salesman 

problem (TSP). We randomly select the location in the location list and randomly select 
the customer from the customer list which does not need to be in the same route ( the 
selected customer does notneed to be served by the selected location). The selected 
customer will be changed to be a new location which has customers who are the 
member of selected location and the selected location will be the member of the old 
location of the selected customer.  The Pseudo code of perturbation phase and an 
example of perturbing are shown in Figure 3 and Figure 4 respectively.  
 

while (terminate condition not met ) do  
  /* perturbation phase */ 

   Randomly select the location that will be switched to be the customers 
 Randomly select the customers that will be selected to be the location 
 Assign all customers of the selected location to be the customers of the 

new location 
 Assign the new customers (the selected location) to be the customer of 

the location which is the location of the new location (the selected customer)  
Endwhile  
 

Figure 3: Pseudo code of the perturbation phase 
 

A B

C 

A B

C

 
 
 
 
 
 
 
 

a) before the perturbation    b) after the perturbation 
 

                            Figure 4: the perturbation of the current base solution  
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Figure 4 a) displays the network of customers and two locations A, B after the 
local search procedure. We randomly select the location and customer. If we select 
location B and customer C, now we change the customer to be a location and change 
that location to be a customer and the result of the interchange is shown in Figure 4 b).  
 
4. Computational results  

In this section we turn to the description and analysis of the results obtained by 
our computational tests. Our algorithm was coded in C++ and compiled using Visual 
C++ V.6 . We performed all runs on a personal computer with a Pentium 4-1.5 Ghz 
microprocessor, 256 MB RAM and the operating system Windows XP. We compare 
our algorithms with the standard test instances found in the literature which is available 
in  http://www.lac.inpe.br/~lorena/instancias.html
       We used the same runtime as Olivetti et al [28] in order to make results 
comparable. The runtimes were converted according to the different machines by using 
the information provided by Dongarra [10]. For the “Best found solution”, we take this 
column from the best solution found by existing heuristics. We simulate our algorithm 5 
times and take the best solution among these five solutions reported in “cost” column. 
The MMAS with iterated local search represents by MMAS_ILS, and the MMAS with 
normal local search is shown in column “MMAS”. “ % deviate” is the percent of the 
best solution away from the best found solution. The minus sign means the proposed 
heuristics give better solution than that of the best heuristics found so far while the plus 
sign shows that the proposed heuristics provide worse solutions than the current best 
one. 
 
4.1 Result  
 

Best 
found 
solution  

MMAS MMAS_ILS Number 
of 
customer 

p 

cost cost % deviate cost % deviate 
100 10 17252 16954.5 -1.755 16438 -4.952 
200 15 33187 33050.5 -0.413 32780.6 -1.240 
300 25 45245 45226.2 -0.042 45238.4 -0.015 
300 30 40521 40490.1 -0.076 40445 -0.188 
402 30 62000 62000 0.000 62000 0.000 
402 40 52492 52495.5 0.007 52475.3 -0.032 

Ave. 41782.83 41702.8 -0.380 41562.9 -1.071 
 
 
5. Conclusions and Outlook 

The MMAS heuristic performs quite well in CPMP as we can see that in a small 
size of problems the MMAS performs better than the current best heuristics (Olivetti et 
al [28] ) but for a larger size of the problems, it is outperformed by that of Olivetti et al 
[28] but it is still competitive. MMAS_ILS is heuristic that is the combination of 
MMAS and iterated local search. MMAS_ILS performs efficiently in a small size of 
problems and also for the larger size of problem instances. In overall performance, 
MMAS_ILS performs better than MMAS and the existing best heuristics. Basically, the 
result of the iterated local search mainly depends on the effectiveness of the local 
search. Even though our results are satisfactory, we still think that the local search used 
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in this research is too slow. In the future, consideration of reducing computational time 
will be focused and other bias heuristics such as Max-Min ant system will be tested 
instead of MMAS. 
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